
e lec t r i c  field on the anode* and Jhi is reduced  to the value of Jhi ~Je0(m/Mh) 1/2. Correspondingly,  the cu r r en t  
of light ions is a lso reduced  (J/i ~ J o e ( m / M h ) l / ~ / ~  and this leads to the reduct ion of Je to the initial value Je0. 
Only as the diode gap is being fi l led by heavy ions and the e lec t r i c  charge  is neut ra l ized  by them does Je in- 
c r e a s e  (the cha rac t e r i s t i c  t ime now is ~h) to the level  cor responding  to the s ta t ionary  solution with ion flows. 

The above considerat ions  a r e  i l lus t ra ted  by computation resu l t s  for  var iants  with a = 0 .5 ;0 .8 .  Since now 
c~ ~ 1, At ~ ~ l ,  the effects  cha rac t e r i s t i c  for  the initial stage of the p rocess  appear  in the diagrams as splashes  
Je and Jli of duration ~ ~ .  A fur ther  slow change of Je (see Fig. 6) is due to the motion of heavy ions. 

The author would like to express  his thanks to D. D. Ryutov, at whose init iative this work was c a r r i e d  
out, for  his valuable comments .  
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N U M E R I C A L  S I M U L A T I O N  OF T H E  S E L F - F O C U S I N G  

O F  W A V E  P A C K E T S  IN A M E D I U M  W I T H  S T R I C T I O N  

N O N L I N E A R I T Y  

A.  F .  M a s t r y u k o v  a n d  V.  S. S y n a k h  UDC 535 +534.222 

During the propagation of powerful l a se r  pulses in many media (e.g., c rys ta l s  and plasma),  the non- 
l inear  increment  to the d ie lec t r ic  constant a s soc ia t ed  with the development of sound per turbat ions  may be ve ry  
considerable .  Strict ion nonl inear i ty  may  lead to the se l f - focus ing  of l a se r  pulses ,  which in turn  may be ac -  
companied by the development of s eve re  elast ic  s t r e s s e s  in c rys ta l s .  

In this paper we shall  make a numer ica l  study of the propagation of axial ly  s y m m e t r i c  wave packets in 
a medium with s t r ic t ion  nonl inear i ty  within the f r amework  of the equations [1.2] 

i(u t ~- vuz) -t- Aiu -I- opu = O, (1) 

Pit-- c2Ap = - -  A [ u l  S 

and the natural  boundary conditions 

Ou/Or[~=o = Op/Orlr=O = O, 
u( r  = oo) = p( r  = co). = O, 

u(Izl = oo) = p(Izl = oo) = O, 

where  u is the envelope of the wave packet;  v and Cs a r e  the group veloci ty  of light and the veloci ty  of sound in 

Novosibirsk.  Trans la ted  f r o m  Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki ,  No. 3, pp. 30-33, 
May-June,  1977. Original a r t i c l e  submit ted June 30, 1976. 

This material is protected by copyright registered in the name of  Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No port ] 
o f  this publication may be reproduced, stored in a retrieval system, or transrmtted, m any form or  by a n y . ~ n s f  electromc, .mechamcM, photocopying, ] 
microfilming, recording or otherwise, without written permission o f  the publisher. A copy of  this article is ava~tame yrom the puousner 1or �9 / .~ .  �9 

304 



i \ i 

o,6 i . .  ~ i \ .  

i. " - l i - I - ' .  ' ' .  
o,4~ ; ,.. \ 

t 
0 ,2  i ".., "\ 

.t 
Fig.  1 

d T i  

I 

i 

I 
#i 

~ - 4 , 7  

i 

~ 7"= q 9  
i 

J 

Fig.  2 

r : 1 

. " 1 i 

C i  

8 ~ - - - -  5 ' 

~ -  1 1 ' o s * 6 , -  

Fig.  3 

"I 
1,5 i 

I 

,,oi 
J 

-O'Si ~ 6 

L /  

8 

Fig.  4 

I 

i 
I 
I 

I 
I 

IOz 

the med ium;  p is the pe r t u rba t i on  of the dens i ty  of the med ium;  ~ is a cons tan t  de t e rmined  by the speci f ic  

1 O[  O'~ m e c h a n i s m  of exc i ta t ion  of the  s t r i c t i on  non l inea r i ty ;  A ,  = 7 ~ r  3Fr }" All  the quant i t ies  a r e  made  d imens ion -  

l e s s  in a c o r r e s p o n d i n g  m a nne r .  

In a c c o r d a n c e  with [3] the t e r m  d e s c r i b i n g  the d i s p e r s i o n  (~Uzz) is omi t ted  f r o m  (1). 

Specific n u m e r i c a l  e x p e r i m e n t s  w e r e  c a r r i e d  out for  the initial condi t ions  

u(t = O) = Aexp(--r2,/~ - -  ( -  - -  a ) U L " - ) ,  

o ,o ( t  = 0)  = ] u (t = 0) I i  c ; ,  ~t  ( t  = 0) = 0 .  

Let  us  f i r s t  c o n s i d e r  the  p ropaga t ion  of long pu lses  L. In this  ca se  we m a y  neg lec t  the longitudinal  
de r i va t i ve s  in (1). We thus obtain  
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iu t + A •  + . p u  = O, Pit - -  c~A• = - -  A J u r" (2) 

We may  convince o u r s e l v e s  by d i r ec t  subst i tut ion that as  t - - t  0 the s y s t e m  (2) a sympto t i ca l ly  sa t i s f i e s  
an automodel  subst i tut ion analogous to that  given in [4]: 

p = (~?-/( to" t)~)n(~,r/(to - -  t)), u = (~,/(to - -  t) ) U ( X r / ( t o - -  t)). (3) 

Since the solution (3 )has  a s ingular i ty  at t ~ t0 ,  this means  that  for  extended pulses  (beams)  a co l lapse  
m a y  be c rea ted  in a f inite t ime  t 0. The poss ib i l i ty  of  the solution (2) pass ing  out to the automodel  s ta te  is con-  
f i r m e d  by the n u m e r i c a l  exper iment .  F igure  1 shows the m a x i m u m  values  o f  p and I ul as  funct ions  o f t  c a l -  
cu la ted  for  a b e a m  (L=,o) with p a r a m e t e r s  A = I ;  l = 3 at a =5. 

Let  us make s o m e  e s t i m a t e s  r e g a r d i n g  the conditions for  the development of s u c h a  col lapse  and its 
t ime  of development  t 0, Fo r  this purpose  we consider  the s tab i l i ty  of a s t a t iona ry  solution of the s y s t e m  (2) in 
the f o r m  

P = Po, u = ao exp (iq~), 

whe re  Po, a o  a r e  constants ;  q =a0P0t. Substituting p = p 0  + tip, u=(u0+ ~a)  exp (ko +i6cp) in (2) :, where  6 q ,  ~a ,  
~p a r e  sma l l  i nc r emen t s ,  l inea r iz ing  the equations obtained for  these ,  and then a s suming  that  these  inc remen t s  
a r e  p ropor t iona l  to exp ( ikr-ioJt) ,  we obtain the equations 

i(olSa + k2aoStp = O, k28a + i(oao6q~ --  eaoScp = O, 

- -  21~'ao~a + (c2k 2 - -  o")  8p = O. 

These  equations lead to the d i spers ion  equation 

2 .L = k '  +dk-" • [(k'  + k~d) " - -  4 (dk  6 -  2~a~k')] ~ ' .  (4) 

We see  f r o m  (4) that  the solut ion is unstable  if 

k2c 2 - -  2aa~ < 0. (5) 

The quantity a 0 m a y  be identified with:the Charac te r i s t i c  initial ampl i tude a n d k  r e g a r d e d  as equal to  
1/ /  , where . /  i s  the c h a r a c t e r i s t i c  initial t r a n s v e r s e  dimension of the beam.  Then a ~ / k  2 has the sense  of: the 
power (intensity) P. We m a y  thus wr i t e  down the approx ima te  condition for  the s e l f ' f o c u s i n g  of wave  b e a m s  
(packets) in a med i um  with s t r i c t ion  nonl inear i ty :  

p > 

On sat is fying this condition the quantity 1 / I r a (w)cons t i tu t e s  an es t ima te  for  the development  t ime  of the col -  
l apse  t0.~ If  k<<l,  t h e n  

Numer ica l  expe r imen t s  con f i rm  the e s t i m a t e s  (5) and (6). 

For  a pulse of initial  length L it is r ea sonab le  to a s s u m e  that  a co l lapse  i s  f o r m e d  if the t i m e  of non-  
l inear  in terac t ion  of the pulse with the med ium t l =  L/v(1 -Cs/V) is much g r e a t e r  than to: 

--= tl/to >> 1. (7) 

If condition (7) is not sa t i s f ied ,  we should expect  that  a f ter  the point of max imum'  cont rac t ion  of the w a v e  
packet  the l a t t e r  wil l  s p r e a d  by v i r tue  of diff ract ion and d ispers ion .  In the geome t r i ca l  opt ics  approximat ion  
the t i m e  t m a x  to r e a c h  the m a x i m u m  may  be e s t ima ted  as  

t ~ .  . -  I t ,  t , l  ( t ,  - to)l. 

Figure  2 i l lus t ra tes  p r e c i s e l y  this r e l a t ionsh ip  as  obse rved  in n u m e r i c a l  exper iments ;  it shows the 
behavior  of U m a x = m a x  I u(0, z, t) l as  a function o f t  for  pu lses  with p a r a m e t e r s  A=0,6 ;  l= 3 ;  L = 1 ; c  s = 1 a t :  

=5, v being a va r i ab l e  p a r a m e t e r .  The quantity a 0 in the express ion  for  T is put equal to l/2A. It should be 
noted that the specif ic  value of the coeff icient  (here 1/2) has l i t t le  effect  on the value of T. 
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Numer i ca l  expe r imen t s  w e r e  c a r r i e d  out in the following r ange  of var ia t ion  of the initial pulse p a r a m -  
e t e r s :  0.5 <_A _<1; l= 3; L = I ,  ~; c s =1; 1 _<v _<4 for ~ =5, and a lso  for  v / c  s >>1 (up to 102). The qualitative 
p ic ture  r e m a i n e d  unchanged. 

F igu re s  3 and 4 p r e s e n t  a typica l  p ic ture  of the evolution of the initial pulse in the absence of aco l l apse .  
One not ices  the following f ea tu re s :  

1. Fo r  fa i r ly  long t imes  t ,  i nc reas ing  osc i l la t ions  of the field lul and per tu rba t ions  of the density p 
a r i s e .  In the front  of the pulse p b e c o m e s  negat ive ,  and the field is , th rown,  to the periphery-.. 

2. At a la te r  s tage  in the propagat ion of the densi ty  a second m a x i m u m  a r i s e s ;  this f i r s t  lags re la t ive  
to the pr inc ipa l  m ax i m um ,  s tops ,  and then moves  in the opposi te  di rect ion at a veloci ty  e s. The la t ter  si tuation 
is a consequence of the fact  that  in this  reg ion  the field lut is weak and the second of Eqs. (1) becomes  purely  
~ wave  equation. 

3. With the p r o g r e s s  of t ime  the ve loc i ty  of the m a x i m u m - f i e l d  region diminishes  and the sha rpness  of 
the leading edge of the wave  of densi ty  i nc r ea se s .  This  may lead to the development  of s eve re  elast ic  s t r e s s e s  
in the medium.  Such a s i tuat ion is poss ib le ,  for  example ,  for  the motion of a l a s e r  focus in a nonlinear medium,  
when the ve loc i ty  of the focus approaches  that  of sound [5], 

For  the n u m e r i c a l  expe r imen t s  we used an impl ic i t -d i f fe rence  s cheme  of the second o rde r  of accu racy  
in all  the v a r i a b l e s ,  with a nonuniform space  lat t ice.  A typical  t ime  s tep  was approx imate ly  0.01, while for  
V/Cs >>1 it fel l  to 5 �9 10 -4. The spa t ia l  s teps  we re  about 0.01. The s tabi l i ty  of the scheme  for  var ious  values  of 
the p a r a m e t e r s  was ve r i f i ed  by  a r epea t ed  calculat ion with a l t e red  s teps .  

The au thors  wish  to exp res s  thei r  thanks to V. E. Zakharov for d i scuss ing  the presen ta t ion  of the p rob-  
lem.  
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